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Abstract: In order to evaluate in an accurate way the value of the insurance premium, the insurer tries to estimate the value of some parameters or the proportion of some variables like damage compensations, the ruin probabilities, loading safety factors or the process intensities. An actuary performs such computations in accordance to certain models and scenarios of the evolution (development) of some phenomena and events implying the insured risks. In this paper, in certain specified hypotheses regarding the compensations distribution and damage intensity, we estimate the ruin probabilities and the reserve funds of an insurance company and we analyze the approximation methods that we used.
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	1. Introducere

Un actuar este interesat in evolutia capitalului banesc al companiei de asigurari pe care o conduce: primele incasate si daunele platite. Una dintre procuparile sale se refera la marimea rezervei de risc care se considera ca asigura stabilitate societatii. O alta preocupare este estimarea probabilitatii de ruinare.
Modelarea economico-matematica a ruinei a generat multe lucrari, printre ultimele amintim pe cele ale lui Asmussen (2000), Dickson & Willmot (2005), Garrido & Li (2005), Stanford and his assistants (2005), and Zbaganu (2004). In aceste lucrari am observat comportarea probabilitatii de ruinare in functie de capitalul initial al societatii de asigurare si factorul de incarcare ce apare in calculul primelor.
In aceasta lucrare discutam metode de aproximare a probabilitatii de ruinare in cazul in care cererile de despagubire sunt modelate de variabile aleatoare discrete. Punem in evidenta aceasta clasa de repartitii ale pierderilor deoarece situatiile reale implica discretizare. Am abordat metode de evaluare a rezervei minime de risk pentru un nivel acceptat al probabilitatii de ruinare.
Lucrarea este organizata astfel. Sectiunea 2 are 3 subsectiuni in care prezentam modelul matematic al procesului de risc, probabilitatea de ruinare si cateva estimari ale acesteia. Sectiunea 3 se ocupa cu rezerve de risc, iar in sectiunea 4 dam ilustrare numerica.
2. procesul de risc
2.1 Modelul matematic
Modelul matematic al unui process de risc este compus din urmatoarele:

a) Un sir {Xi}i=1,2,3,… de variabile aleatoare independente si identic repartizate, cu functia de repartitie F. Variabila Xi reprezinta costul celei de a i-a solicitari de despagubire.

b) Un process stochastic N={N(t); t≥0}. N reprezinta numarul de cereri de despagubire platite de companie in intervalul de timp [0,t]. Procesul de numarare N si sirul {Xi}i sunt independente.

c) Primele de asigurare sunt calculate dupa principiul mediei cu θ factorul de incarcare relativa, astefl incat prima neta incasata in unitatea de timp este valoarea constanta c=(1+θ)λm1, mk=E[(Xi)k], k=1,2,3,....

Notam cu r capitalul initial say inzestrarea initiala si cu U(t) capitalul sau surplusul companiei de asigurari la momentul t, r=U(0).

Procesul de risc este {U(t)}t≥0 , unde
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 reprezinta cererea agregata in intervalul de timp [0,t].

2.2 Probabilitatea de ruinare

Definim ruinarea unei societati de asigurare ca fiind situatia in care capitalul acesteia ia valori negative.

Momentul ruinei τ este definit astfel
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 probabilitatea de ruinare pana la momentul n si prin 
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 probabilitatea de ruinare in orizont infinit, astfel
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Coeficientul de ajustare (sau exponentul lui Lundberg) R este solutia strict pozitiva a ecuatiei
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Teorema lui Cramer arata ca, daca coeficientul de ajustare R exista, atunci probabilitatea de ruinare este data de 
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 reprezinta severitatea pierderii la momentul ruinei.

In cazul in care cererile individuale urmeaza o repartitie exponentiala, 
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Repartitia coada integrate este
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Formula de convolutie Beekman (sau formula Pollaczek-Khinchine):
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2.3 Estimari ale probabilitatii de ruinare

Cum probabilitati de ruinare exacte se pot calcula numai in cazul in care cererile sunt repartizate exponential sau sunt mixturi de exponentiale, atunci este natural sa cautam estimari sau aproximari ale acestei probabilitati. 

Astfel, am cercetat lucrari recente din acest domeniu si am prezentam cinci idei pe care le-am remarcat
Estimarea probabilitatii de ruinare propusa de De Vylder (1978) consista in aproximarea procesului surplusului {U(t)}t≥0 cu un proces {Ữ(t)}t≥0,
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Unde procesul cererii aggregate 
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Parametrii noului process se determina astfel incat primele trei momente initiale ale lui 
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iar aproximarea este
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In cazul particular in care cererile sau pierderile sunt date de variabile aleatoare cu repartitie discreta 
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Aproximarea Beekman-Bowers este
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Cea mai simpla aproximare, care depinde doar de cateva momente ale lui F, pare sa fie aproximarea difuzie:
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Cum aproximarea difuzie nu este foarte buna, Grandell (2000) a sugerat estimarea:
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O alta aproximare se obtine golosind teorema lui Renyi asupra “p-thinning of the point process”. Atunci:
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Pentru o clasa mare de repartitii ale daunelor nu cunoastem probabilitatile exacte de ruinare, cercetarile recente incearca sa distinga sau sa deosebeasca intre diferitele aproximari cu scopul de a le numi pe unele “optimiste” si pe altele “pesimiste”.
3. Rezerva de risc

Orice companie de asigurari trebuie sa stabileasca o rezerva de risc Rf astfel incat diferenta intre cererile de despagubire (compensatiile totale platite) si primele colectate sa depaseasca acesta rezerva de risc cu o probabilitate mai mica decat un nivel accepat 
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 (probabilitatea de ruinare).

Consideram un portofoliu de n polite de acelasi tip, daunele platite pe fiecare polita fiind reprezentate de o variabila aleatoare 
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unde Xi sunt variabile aleatoare independente si identic repartizate. Vom considera ca sistemul de tarifare este dat de principiul mediei, astfel ca prima neta totala este 
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Rezerva de risc Rf se defineste prin relatia:
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Utilizand Teorema Limita Centrala, obtinem
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unde 
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 a repartitiei normale standard N(0,1).

Vom lua ca rezerva minima de risc:
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In particular, daca 
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 este suma asigurata, vom obtine:
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Pe de alta parte, putem de termina rezerva de risc utilizand inegalitatea Chebyshev:
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Avem 
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Rezerva minima de risc este in acest caz
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In cazul particular considerat, vom obtine
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4. ilustrari numerice

Vom organiza aceasta sectiune in doua parti. In prima, scopul nostru este sa comparam printr-un exemplu numeric sugestiv diferitele aproximari ale probabilitatii de ruinare prezentate in subsectiunea 2.3. Cea de a doua parte se ocupa cu compararea celor doua metode de determinare a rezervei de risc.
Pentru inceput, lucram cu eroarea absoluta (δ) si cu eroarea relativa (ε). Astfel, pentru aproximarea ψA a lui ψ avem δA=│ψA(r,θ)-ψ(r,θ)│ si εA(r,θ)=δA(r,θ)/ψ(r,θ). Pentru a compara aproximarea ψA cu o alta aproximare ψB, vom folosi δA,B=│ψA(r,θ)-ψB(r,θ)│ si εA,B(r,θ)=δA,B(r,θ)/ψA(r,θ).

Situatiile reale implica repartitii discrete ale daunelor. Am luat in considerare date reale despre valoarea cererilor pentru un portofoliu de riscuri asigurate impotriva unui dezastru natural. Am remarcat ca daunele erau concentrate in jurul a doua valori posibile, astfel ca am modelat repartitia cererii prin 
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. Aceasta variabila ia valoarea de 1 unitate monetara cu o probabilitate mare si ia o valoarea relative mare, de 5 unitati monetare, cu o probabilitate relative scazuta.
Mai departe, listam aproximarile probabilitatii de ruinare, ARP, in Tabelele 1 si 2, pentru diferite valori ale factorului de incarcare, θ=0.5, θ=0.3, si duferite valori ale capitalului initial r. Pentru ilustrarea grafica am calculat MARP=ARP·106, iar comportarea este data in Figura 1.
Tabelul 1. Aproximari ale probabilitatii de ruinare pentru θ=0.3.
r

ψDV
ψBB
ψR
ψD
1
0.643143
0.644393
0.646979
0.798516
5
0.323441
0.322402
0.323761
0.324652
10
0.136979
0.136533
0.136268
0.105399
20
0.024568
0.024610
0.024140
0.011109
30

0.004406
0.004447
0.004276
0.001171
40

0.000790
0.000805
0.000758
0.000123
50
0.000142
0.000146
0.000134
0.000013
Tabelul 2. Aproximari ale probabilitatii de ruinare pentru θ=0.5.
r

ψDV
ψBB
ψR
ψD
1
0.515174
0.516071
0.519201
0.687289
5
0.191486
0.190638
0.191003
0.153355
10
0.055573
0.055507
0.054723
0.023518
20
0.004681
0.004740
0.004492
0.000553
30

0.000394
0.000407
0.000369
0.000013
40

0.000033
0.000035
0.000030
0.3·10-6
50
0.000003
0.000003
0.000002
0.7·10-8

	1. INTRODUCTION
An actuary is interested in the evolution of the money capital of the insurance company he manages: cashed premiums and damage payments. One of his concerns is related to the amount of the risk reserve fund which is considered to provide safety to the company. Another main concern is the estimation of the ruin probability. 
The economic and mathematical modeling of ruin has generated many works, the latest ones being those worked out by Asmussen (2000), Dickson and Willmot (2005), Garrido and Li (2005), Stanford and his assistants (2005), and Zbaganu (2004). In these papers, we have noticed the behavior of the ruin probabilities according to the initial capital of an insurance company and to the load factor used to set up the tariff premiums.
In this paper we discuss methods of approximations of the ruin probability in the case the claims are modeled by discrete distributed random variables. We point out this class of loss distributions because real situations and data involve discreetness. We have approached methods of evaluating the minimum reserve of risk for an accepted level of the ruin probability.
The paper is organized as follows. Section 2 has 3 subsections in which we present the mathematical model of the risk process, the ruin probability, and some estimates of it. Section 3 dwells on the risk reserve fund, and finally, in the last section we give numerical illustration.
2. the risk process
2.1 The mathematical model

The mathematical model of an insurance risk business is composed of the following objects:
a) A sequence {Xi}i=1,2,3,… of independent and identically distributed random variables, having the common distribution function F. The variable Xi is the cost of the i-th individual claim.
b) A stochastic process N={N(t); t≥0}. N is the number of claims paid by the company in the time interval [0,t]. The counting process N and the sequence {Xi}i are independent objects.
c) The insurance premiums are computed according to the mean value principle with θ the relative safety loading, such that the net cashed premium per unit of time is the constant amount c=(1+θ)λm1, mk=E[(Xi)k], k=1,2,3,....
We denote by r the initial endowment, and by U(t) the capital or the surplus of the insurance company at the moment t, r=U(0).
The risk process is {U(t)}t≥0 , where
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 is the aggregate claim over the time interval [0,t].

2.2 The ruin probability

We define the ruin of an insurance company as the situation when the capital of the company takes a negative value.
The ruin moment τ is defined as


[image: image69.wmf](

)

{

}

0

0

inf

<

³

=

t

U

t

t

.
(2)
Let 
[image: image70.wmf](

)

(

)

(

)

ò

¥

-

=

0

1

x

dF

e

r

h

x

r

 and 
[image: image71.wmf](

)

(

)

1

1

m

g

l

q

q

+

=

. We denote by 
[image: image72.wmf](

)

q

,

r

n

Y

 the ruin probability up to moment n and by 
[image: image73.wmf](

)

q

,

r

Y

 the ruin probability on an infinite time horizon, so


[image: image74.wmf](

)

(

)

(

)

(

)

c

g

u

U

n

P

r

n

=

=

<

=

Y

q

t

q

,

0

,

,
(3)



[image: image75.wmf](

)

(

)

(

)

(

)

c

g

u

U

P

r

=

=

¥

<

=

Y

q

t

q

,

0

,

,
(4)


and 
[image: image76.wmf](

)

(

)

q

q

,

lim

,

r

r

n

n

Y

=

Y

¥

®

.
(5)

The adjustment coefficient (or Lundberg exponent) R is the positive solution of the equation
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Cramer’s theorem states that if the adjustment coefficient R exists, the ruin probability is
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where 
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 represents the severity of the loss at the moment of ruin.
In case the individual claim follows an exponential distribution, 
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The integrated tail distribution is
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It is known the Beekman’s convolution (or Pollaczek-Khinchine) formula:
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where 
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2.3 Some estimates of the ruin probability
As we can compute exact ruin probabilities only in the case the claims follow a negative exponential distribution or a mixture of exponential distributions, it is natural to search estimates or approximations of this probability.
We investigated recent works in this field, and we present here five of the ideas we found.
The estimation of the ruin probability proposed by De Vylder (1978) consists in the approximation of the surplus process {U(t)}t≥0 by a process {Ữ(t)}t≥0,
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where the aggregate claim process 
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The parameters of the new process are chosen such that the first three initial moments of 
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and the approximation is
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or
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In the particular case of a discrete distributed claim or loss random variable 
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The Beekman-Bowers approximation is
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with 
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The simplest approximation, which only depends on some moments of F, seems to be the diffusion approximation:
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Since the diffusion approximation is not very accurate, Grandell (2000) suggested the estimate:
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Another approximation is obtained using Renyi’s theorem about p-thinning of the point process. Thus:
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As for a large class of claims distributions we do not know the exact ruin probability, recent studies tried to distinguish between different approximations in order to consider some of them as “optimistic” or “pessimistic”.

3. risk reserve fund
Any insurance company must establish a risk reserve fund Rf such that the difference between the claim amounts (the total paid compensations) and the collected premiums exceeds this risk reserve with a probability less than an accepted value 
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 (the ruin probability).

We consider a portfolio of n policies of the same type, the paid damages for each policy being represented by a random variable 
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where Xi are independent and identically distributed random variables. Also, we consider that the tariff system is built on the mean value principle, so the total net premium is 
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The reserve fund Rf is defined through the relation
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Using the Central Limit Theorem we get
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where 
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We take the minimum reserve of risk:
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In particular, for 
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 is the insured sum, we get
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On the other hand, we can find the risk reserve using the Chebyshev’s inequality:
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We have 
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The minimum reserve of risk is in this case 
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In the particular case, we obtain


[image: image131.wmf](

)

(

)

a

p

p

n

S

Cheb

R

f

-

×

×

×

=

1

min

,

.
(28)
4. numerical illustration
We organize this section in two subsections. In the first one, our purpose is to compare the different approximations of the ruin probability presented in subsection 2.3, through a suggestive numerical example. The second one concerns a comparison between the CLT and Chebyshev methods of finding a value of the risk reserve fund.
In the beginning, we deal with the absolute error (δ) and the relative error (ε). Thus, for approximation ψA of ψ we have δA=│ψA(r,θ)-ψ(r,θ)│ and εA(r,θ)=δA(r,θ)/ψ(r,θ). In order to compare an approximation ψA with another approximation ψB, we will use δA,B=│ψA(r,θ)-ψB(r,θ)│ and εA,B(r,θ)=δA,B(r,θ)/ψA(r,θ).
Real situations involve discrete distributions of the claims. We took into consideration real data on the value of the claims for a portfolio of risks insured against a natural disaster. We noticed that the claims where concentrated around two possible values, so we have modeled the loss distribution as 
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. It takes the value of 1 monetary unit with a high probability, and a relatively large value of 5 monetary units with a relatively low probability.
Further, we list the approximations of the ruin probability, ARP, in Tables 1 and 2, for different values of the loading factor, θ=0.5, θ=0.3, and different values of the initial capital r. For the graphic illustration we have computed MARP=ARP·106, and the behavior is presented in Figure 1.
Table 1. Approximations of the ruin probability for θ=0.3.
r

ψDV
ψBB
ψR
ψD
1
0.643143
0.644393
0.646979
0.798516
5
0.323441
0.322402
0.323761
0.324652
10
0.136979
0.136533
0.136268
0.105399
20
0.024568
0.024610
0.024140
0.011109
30

0.004406
0.004447
0.004276
0.001171
40

0.000790
0.000805
0.000758
0.000123
50
0.000142
0.000146
0.000134
0.000013
Table 2. Approximations of the ruin probability for θ=0.5.
r

ψDV
ψBB
ψR
ψD
1
0.515174
0.516071
0.519201
0.687289
5
0.191486
0.190638
0.191003
0.153355
10
0.055573
0.055507
0.054723
0.023518
20
0.004681
0.004740
0.004492
0.000553
30

0.000394
0.000407
0.000369
0.000013
40

0.000033
0.000035
0.000030
0.3·10-6
50
0.000003
0.000003
0.000002
0.7·10-8
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Figura 1. Valori ale lui MAPR pentru θ=0.3. / Figure 1. Values of MAPR for θ=0.3.
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Figura 2. Valori ale lui MERR pentru θ=0.5. / Figure 2. Values of MERR for θ=0.5.

	Pentru a ilustra erorile relative, ce sunt date in Tabelul 3, am calculat valorile MERR1=105 εDV,BB, MERR2=105 εDV,R si MERR3=105 εDV,D care sunt prezentate in Figura 2.

Tabelul 3. Erorile relative ale lui BB, R si D fata de DV pentru θ=0.5.
r
εDV,BB
εDV,R
εDV,D
1
0.00174
0.00782
0.33409
5
0.00443
0.00252
0.19913
10
0.00119
0.01529
0.57681
20
0.01260
0.04038
0.88186
30

0.03299
0.06345
0.96700
40

0.06061
0.09090
0.99091
50
0.00001
0.17200
0.99767
Am remarcat ca aproximarile ψDV, ψBB, si ψR sunt mai bune deoarece au erorile lor maxime absolute sunt pana la 0.0015 pentru θ=0.2, pana la 0.0013 pentru θ=0.3, si pana la 0.0009 pentru θ=0.5. Erorile maxime relative sunt pana la 2.7% pentru θ=0.2, pana la 5.5% pentru θ=0.3, etc. Aproximarea difuzie nu este foarte buna deoarece erorile sale relative sunt foarte mari, de pana la 99% pentru θ=0.5.

Pentru repartitia aleasa a daunei, nu exista probabilitate exacta de ruinare.
In final, vom proceda la o comparatie intre metodele prezentate in sectiunea 3, referitoare la rezerva de risc. In Tabelele 4 si 5 sunt date cateva rezultate numerice pentru nivele specificate ale lui 
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 si 
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, adica probabilitatea de aparitie a unei cereri de despagubire si, respectiv, probabilitatea de ruinare.

Tabelul 4. Valori ale rezervei de risc pentru p=0.14.
α

Rf,min(CLT)

Rf,min(Cheb)

0.005

895,226.54

4,907,137.66

0.010

807,438.82

3,469,870.31

0.050

570,793.67

1,551,773.18

0.100

444,837.37

1,097,269.34

Tabelul 5. Valori ale rezervei de risc pentru p=0.08.
α

Rf,min(CLT)

Rf,min(Cheb)

0.005

699,936.45

3,836,665.22

0.010

631,299.27

2,712,931.99

0.050

446,277.31

1,213,260.07

0.100

347,797.88

857,904.42

Observam ca metoda data de Teorema Limita Centrala da valori mai mici pentru rezerva de risc, deci putem aprecia ca se obtin rezultate mai bune in aceasta situatie.
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	In order to illustrate the relative errors, see Table 3, we have computed the values MERR1=105 εDV,BB, MERR2=105 εDV,R and MERR3=105 εDV,D which are shown in Figure 2.
Table 3. The relative errors of BB, R and D with respect to DV for θ=0.5.
r
εDV,BB
εDV,R
εDV,D
1
0.00174
0.00782
0.33409
5
0.00443
0.00252
0.19913
10
0.00119
0.01529
0.57681
20
0.01260
0.04038
0.88186
30

0.03299
0.06345
0.96700
40

0.06061
0.09090
0.99091
50
0.00001
0.17200
0.99767
We noticed that the approximations ψDV, ψBB, and ψR are better as they have the maximum absolute errors up to 0.0015 for θ=0.2, up to 0.0013 for θ=0.3, up to 0.0009 for θ=0.5. The maximum relative errors up to 2.7% for θ=0.2, up to 5.5% for θ=0.3, etc. The diffusion approximation is not very accurate because its relative errors are very high, up to 99% for θ=0.5.
For the chosen distribution of the claim there are no exact ruin probabilities available.

In the end, we perform a comparison of the methods presented in section 3, regarding the risk reserve fund. Some numerical results are given in Tables 4 and 5, for specific levels of 
[image: image137.wmf]p

 and 
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, i.e. the probability that a claim will occur, and respectively, the ruin probability.
Table 4. Values of the risk reserve fund for p=0.14.
α
Rf,min(CLT)
Rf,min(Cheb)
0.005
895,226.54
4,907,137.66
0.010
807,438.82
3,469,870.31
0.050
570,793.67
1,551,773.18
0.100
444,837.37
1,097,269.34
Table 5. Values of the risk reserve fund for p=0.08.
α
Rf,min(CLT)
Rf,min(Cheb)
0.005
699,936.45
3,836,665.22
0.010
631,299.27
2,712,931.99
0.050
446,277.31
1,213,260.07
0.100
347,797.88
857,904.42
We notice that CLT method gives lower values for the risk reserve fund, so we might say that we have better results in this situation.
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